Voice instabilities were studied using excised human larynx experiments and biomechanical modeling. With a controlled elongation of the vocal folds, the experiments showed registers with chest-like and falsetto-like vibrations. Observed instabilities included abrupt jumps between the two registers exhibiting hysteresis, aphonic episodes, subharmonics, and chaos near the register transitions. In order to model these phenomena, a three-mass model was constructed by adding a third mass on top of the simplified two-mass model. Simulation studies showed that the three-mass model can vibrate in both chest-like and falsetto-like patterns. Variation of tension parameters which mimic activities of laryngeal muscles could induce transitions between both registers. For reduced prephonatory areas and damping constants, extended coexistence of chest and falsetto registers was found, in agreement with experimental data. Subharmonics and deterministic chaos were observed close to transitions between the registers. It is concluded that the abrupt changes between chest and falsetto registers can be understood as shifts in dominance of eigenmodes of the vocal folds.
I. INTRODUCTION
The careful excised larynx experiments of van den Berg ͑1957, 1959͒ paved the way for the myoelastic-aerodynamic theory of voice production. Two-mass models introduced by Ishizaka and Flanagan ͑1972͒ simulated the core mechanism of vocal fold vibrations-a phase shift of lower and upper edges of the vocal folds ͑Stevens, 1977͒. The resulting wavelike motion allows an efficient energy transfer from the airflow to the vibrating vocal folds ͑Titze, 1988͒. The combination of results for excised larynx experiments ͑Baer, 1981͒ and biomechanical modeling ͑Titze, 1973; Pelorson et al., 1994; Story and Titze, 1995; Alipour-Haghighi et al., 2000͒ has led to a reasonable understanding of the normal voice.
In addition to the normal voice with almost periodic vocal fold vibrations, a rich variety of voice instabilities has been discussed in the framework of nonlinear dynamics ͑Titze et al., 1993͒. For example, subharmonics and chaos have been reported in newborn cries ͑Mende et al., 1990͒ and in pathological voices ͑Herzel et al., 1994͒ . Moreover, nonlinear phenomena are widespread in animal voices ͑Wilden et al., 1998; Fee et al., 1998; Fitch et al., 2002͒ and are exploited in contemporary vocal music ͑Neubauer et al., 2004͒ . In a case study of a patient with laryngeal paralysis, high-speed recordings of voice instabilities were related successfully to bifurcations in a biomechanical model ͑Mergell et al., 2000͒. However, it is still quite difficult to model irregular vocal fold vibrations since a variety of mechanisms can lead to voice instabilities. Examples are left-right asymmetry ͑Ishizaka and Isshiki, 1976; Smith et al., 1992; Tigges et al., 1997͒, anterior- Indeed a remarkably rich repertoire of instabilities has been reported when subglottal pressure and vocal fold tension were varied systematically ͑van den Berg et al., 1960; Berry et al., 1996; Švec et al., 1999; Horáček et al., 2001; Jiang et al., 2003͒. The main focus of this paper is the transition between chest and falsetto registers and voice instabilities observed near the transition. Registers are one of the most important voice qualities for classifying the type of phonation. Up to now, registers have been modeled using sets of biomechanical parameters, which are chosen quite differently according to the phonation condition of each register ͑Story and Titze, 1995͒. Register transition can be realized by simulating a muscle activity that makes a bridge between such different parameter settings ͑Titze and Story, 2002͒. Little attention, however, has been paid to the hysteresis phenomenon of chest and falsetto and the voice instabilities observed during register transitions as observed experimentally ͑Berry et Švec et al., 1999; Horáček et al., 2001͒ . It should be noted that hysteresis implies coexistence of two registers within the same physiological condition of the vocal fold. Such situations have not yet been convincingly reproduced using mathematical models.
In this paper a three-mass model is introduced that focuses on very basic mechanisms of vocal fold vibrations. This model is used here to replicate as closely as possible the sudden chest-falsetto transitions and accompanying phenomena which were observed in experiments with excised human larynges when the vocal folds were symmetrically elongated and shortened. It turns out that even details of the spectrograms such as subharmonics near the register transitions can be reproduced by such a simple model. It will be shown that two-dimensional bifurcation diagrams similar to voice range profiles can be helpful to understand the complexity of voice instabilities. Finally, it is suggested that the findings are not sensitive to modeling details since the three-mass model represents just the core mechanisms of vibratory modes.
II. BIFURCATION SCENARIO ON REGISTER TRANSITION
In this section, some concepts of bifurcation theory are reviewed as a basic framework for understanding the register transitions. According to Titze ͑2000͒, registers are associated with quantal changes in voice quality due to gradual changes of physiological variables. For example, varying thyroarytenoid ͑TA͒ and cricothyroid ͑CT͒ muscle activities can induce abrupt register transitions. In the framework of nonlinear dynamics sudden qualitative changes due to slow and continuous parameter changes are termed bifurcations. In this paper, experimentally observed bifurcations are compared to model simulations. In order to introduce the relevant terminology, schematic one-dimensional and twodimensional bifurcation diagrams are shown in Fig. 1 . As early as 1918 Duffing observed that, at resonances of coupled oscillators, coexisting oscillation amplitudes can be found at the same value of a given control parameter ͑Duff-ing, 1918͒. Consequently, a slow increase of the parameter will lead to a jump of the amplitude at the value P 2 in Fig.  1͑a͒ . If the parameter is decreased slowly a jump to small amplitudes occurs at P 1 Ͻ P 2 . This phenomenon is termed hysteresis and is a landmark of coexisting limit cycles. Such coexisting oscillatory regimes ͑"overlapping Arnold tongues"͒ are generic features of coupled oscillators ͓see Berge et al. ͑1984͒ or Glass and Mackey ͑1988͒ for details͔. Some of the dynamics of coupled oscillators can be illustrated by two-dimensional bifurcation diagrams such as in Fig. 1͑b͒ . Regarding in vivo register transitions the parameters might represent TA and CT muscles activities, which are considered as main control parameters. If these activities are increased, one can induce a transition from chest to falsetto registers ͑see Titze, 2000͒. For instance, in Fig. 10 .11 of Titze ͑2000͒, two-dimensional plots are shown with TA and CT activities, which resemble the two-dimensional bifurcation diagram of Fig. 1 . In the present study, fundamental frequency ͑F 0 ͒ and subglottal pressure were used as the control parameters. Such parameter controls are indicated by arrows in Fig. 1͑b͒ . The path along the lower arrow is associated with sudden breaks and hysteresis, and might represent spontaneous register changes of untrained singers or excised larynges. A more gradual transition can be achieved along the upper arrow via appropriate control of the two parameters, resembling passagi of trained singers.
The framework of bifurcation diagrams is helpful if the oscillations are much faster than parameter variations. Since variations of muscle activities in vivo or variations of the force in the present experiments are slow compared to vocal fold vibration changes, bifurcation theory is applicable. Reg-FIG. 1. ͑a͒ Schematic drawing of one-dimensional bifurcation diagram with coexisting stable limit cycles ͑solid lines͒ in the parameter range ͑P 1 , P 2 ͒. The dashed line indicates an unstable limit cycle. The merging points of solid and dashed lines represent saddle-node bifurcations of limit cycles. ͑b͒ Schematic drawing of two-dimensional bifurcation diagram with a coexistence region of two distinct vibration patterns ͑"limit cycles"͒. A parameter variation along the lower arrow indicates sudden jumps in amplitude and frequency. Along the upper arrow a smooth transition is possible.
ister breaks in vivo were found to be much quicker than muscular activation ͑Miller et al., 2002͒ and thus their interpretation as bifurcations seem reasonable.
III. BIFURCATIONS IN EXCISED LARYNX EXPERIMENTS
In a study by Švec et al. ͑1999͒ the authors reanalyzed results of previous experiments with excised human larynx carried out by van den Berg et al. ͑1960͒ and van der Berg ͑1968͒. In the van den Berg experiment, the vibrating vocal folds were gradually symmetrically elongated and then shortened by applying an external force to the larynx while other parameters were held constant. The analysis revealed that chest-falsetto jumps can be seen as manifestations of bifurcations in the vocal-fold vibratory mechanism, i.e., the jumps in frequency accompanying the change of the register can arise without any sudden change of the tension of the vocal folds. Such sudden transitions reflect bifurcations of the underlying dynamical system.
The van den Berg experiment with excised human male larynges was repeated by Horáček et al. ͑2000, 2001͒ . Tested larynges were fixed horizontally to a plate through which the airflow, heated to 37°C and humidified, was delivered to the vocal folds. The air was passed through a tube, the dimensions of which corresponded to the volume of human subglottal space. The airflow rate was kept constant. Subglottal pressure in the tube was measured by pressure transducers. Neither supra-glottal space nor a vocal tract were included. Adduction of the vocal folds was kept constant. Longitudinal tension of the vocal folds, monitored by a force transducer, was smoothly increased or decreased by rotating the thyroid cartilage. Changes of the fundamental phonation frequency and of the vibration regimes were measured by microphone, pressure transducers, electroglottograph, and laser vibrometer. Furthermore, vocal fold oscillations were observed optically by strobovideoscopy and videokymography. More details on the experimental configuration are given in Horáček et al. ͑2000, 2001͒. The focus of the previous studies was the chest-falsetto transition. Sudden jumps in the fundamental frequency ͓e.g., In the first 10 s additional spectral components are visible. Sidebands at about t =5 s ͑arrow "A"͒ indicate a modulation, and around t =8 s ͑arrow "B"͒ subharmonics at multiples of F 0 / 3 can be seen. At t =25 s ͑arrow "C"͒, a sudden transition to chest-like vibrations occurs. Large EGG amplitudes and videokymography revealed vocal fold closure and a pronounced wave-like vibration pattern ͑Horáček et al., 2001͒. In this register, a clear increase of the fundamental frequency with the elongation force is found. Then a transition back to falsetto is observed around t =60 s ͑arrow "E"͒. This transition is accompanied by weak subharmonics at multiples of F 0 / 2 and a short interruption of phonation ͑an "aphonic episode;" arrow "D"͒. The falsetto regime again exhibits sidebands and it jumps back to chest-like vibrations around t =70 s ͑arrow "F"͒. Further transitions between chest and falsetto are again characterized by pronounced subharmonics. At about 82 s ͑arrow "G"͒, the subharmonic regime appears quite irregular. Thus the underlying dynamics might represent deterministic chaos. The described falsetto-chest transitions are found at different values of the elongation force, in other words, the transitions exhibit hysteresis ͑Švec et Horáček et al., 2004͒ . This phenomenon is related to the coexistence of different attractors representing coexistence of falsetto-like vibrations ͑an almost "sinusoidal limit cycle"͒ and chest-like vibrations ͑a limit cycle with collisions͒.
In the following sections, a biomechanical model will be described that can reproduce the features illustrated in Fig. 2 such as register transitions with aphonia, subharmonics, hysteresis, and deterministic chaos.
IV. BIOMECHANICAL MODELING
The chest register of the human voice is characterized by pronounced wave-like vibrations of the whole vocal folds, i.e., by relatively large vibrating masses at medium vocal fold tension ͑Hirano et al., 1970; In the falsetto register, a smaller portion of the vocal folds vibrates and a diminished closure of the glottis leads to weaker harmonics. In both registers, however, a wave-like vibration ͑sometimes called "mucosal wave"͒ is visible ͑Berry et al., 1996; Horáček et al., 2001͒ . These phase shifts of the lower and the upper portions of the vocal folds allow an energy transfer from the airflow to the vocal folds ͑Stevens, 1977; Titze, 1988͒. Consequently, both registers might be simulated by appropriate two-mass models that allow for such phase shifts and energy transfer.
There have been numerous studies on modeling vocal fold oscillations. Perhaps the most well known is the twomass model by Ishizaka and Flanagan ͑1972͒. More advanced models can be classified into complex highdimensional models ͑Alipour- Haghighi et al., 2000͒ and simplified low-dimensional models ͑Pelorson et al., 1994; Story and Titze, 1995; Titze and Story, 2002; Lous et al., 1998; Sciamarella and d'Alessandro, 2004͒ . An advantage of the complex models is that detailed anatomical and physiological structures of the vocal folds can be described. The drawback, however, is that many parameters are still not precisely known for such detailed modeling. A comprehensive bifurcation analysis becomes quite complicated with too many parameters. In this sense, a low-dimensional model was found to be more appropriate for the present study.
Considering This makes it possible to select the parameter values with close correspondence to physiological measurements. Titze and Story ͑2002͒ developed special rules for controlling the parameters of their three-mass model according to muscle activity, which successfully realize Hirano's four cases of phonations. However, chest and falsetto are associated in this model with quite different parameter settings ͑Story and Titze, 1995͒, which do not correspond to the findings from the present excised larynx experiments showing that chest and falsetto can coexist in the same parameter setting.
The aim of the present study is to demonstrate that a minimal model that focuses only on very basic mechanisms of vocal folds can capture the richness of bifurcations and replicate the characteristic chest-falsetto leap interval observed experimentally. A simple model was used here to keep the findings independent of the modeling details. The gross features of the register transitions and voice instabilities found in such a simple model are expected to be observed in more complex vocal fold models as well. A minimalist model may provide a reasonable starting point for further work. For example, extensions can be made such as modifying the effective vibrating masses, breaking left-right symmetry, adding sub-or supralaryngeal tubes, introducing more advanced aerodynamic formulas, and reconfiguring parameters to achieve closer correspondence to anatomy and physiology.
The present approach is based upon a three-mass model that can be considered as a combination of two two-mass models. The classical model of Ishizaka and Flanagan consists of two masses of m 1 = 0.125 g and m 2 = 0.025 g. In the present model, a third mass with m 3 = 0.005 g is added on top ͑see Fig. 3͒ . The size of this additional mass is rather small so that it does not change the essence of the original twomass configuration. The third mass has the following physiological function. In the excised larynx experiments, mucosal waves ͑defined, e.g, by Švec et al., 2007͒ were visible in the videokymograms of both chest-like and falsetto-like registers ͑Berry et Horáček et al., 2001͒. In the falsetto-like register, the waves were visible only on the thin upper medial portion of the folds and on the upper vocal fold surface. Addition of the third mass on the two-mass model divides the upper part of the vocal folds into two portions, which can vibrate out of phase. These phase differences can simulate the mucosal wave of the upper thin portion of the vocal folds as seen in the kymogram of the falsetto register ͑Horáček et al., 2001͒. This approach enables us to adopt the standard parameter values, which have been established by Ishizaka and Flanagan ͑1972͒ and are subsequently referred to as the default parameter values in this paper. Following the simplifications of ͑1͒ neglecting the cubic nonlinearities of the oscillators, ͑2͒ neglecting the influence of vocal tract and subglottal resonances, and ͑3͒ neglecting the additional pressure drop at inlet and considering the Bernoulli flow only below the narrowest part of the glottis ͑Steinecke and Herzel, 1995͒, and assuming symmetry between the left and the right vocal folds, the model equations read
The dynamical variables x i represent displacements of the masses m i ͑lower mass: i = 1, middle mass: i = 2, upper mass: i =3͒, where the corresponding glottal areas are given by a i = a 0i +2lx i ͑a 0i : prephonatory area, l: length of the glottis͒. The constant parameters r i , k i , c i , d i represent damping, stiffness, collision stiffness, and thickness of the masses m i , respectively, whereas k i,j represents coupling strength between two masses m i and m j . The collision function is approximated as ⌰͑x͒ =0 ͑x ഛ 0͒; ⌰͑x͒ = tanh͑1000x͒ ͑0 Ͻ x͒. The pressures P i , which act on the masses m i , and the glottal volume flow velocity U are given by
where a min = min͑a 1 , a 2 , a 3 ͒ corresponds to the narrowest glottal area and represents the air density ͑Steinecke and Herzel, 1995͒.
V. SIMULATION RESULTS

A. Simulating chest-like and falsetto-like vibrations
This section shows simulation results of the biomechanical model. Figure 4͑a͒ displays the vibration pattern of the chest-like phonation produced by the model. The default parameter values, initial conditions, and simulation details are compiled in the Appendix. The minor extension of the biomechanical model has little effect on the chest-like vibrations well known from the two-mass model. The phase difference is 23.5°between the lower and upper masses. Although this phase difference is somewhat smaller than the standard models ͑Story and Titze, 1995͒, it can be increased if the mutual couplings ͑k 1,2 , k 2,3 ͒ or the subglottal pressure are reduced. The present simulation at the default parameter setting demonstrates that a relatively small phase difference is sufficient for robust self-sustained oscillations with a subglottal pressure of 0.008 g / cm ms 2 . Complete glottal closure leading to the slightly skewed volume flow is seen in Fig. 4͑b͒ . This chest-like vibration has a frequency of 129.9 Hz.
In the three-mass model, the middle mass plays a particular role. In the chest register, it serves as a kind of valve to reduce the airflow during glottal opening compared to glottal closing. This is achieved by the phase shift to the lower mass oscillation discussed earlier. If the stiffness of the second mass is increased from the default value k 2 = 0.008 g / ms 2 to higher values, a qualitatively distinct vibra- tion pattern can be established. For k 2 = 0.08 g / ms 2 , Fig. 5͑a͒ shows phase-shifted vibrations of the upper two masses whereas the lowest mass vibrates with small amplitude being displaced far from midline. The observed frequency of 314.5 Hz is much higher than the chest-like vibration. Due to the lack of the vocal fold collision, the volume flow wave form in Fig. 5͑b͒ does not exhibit a closed phase. In this way, falsetto-like vibrations can be simulated.
A simple interpretation of the switch between chest and falsetto can be given as follows. For simplicity, let us assume that the three masses have no mutual connections, no damping, no effect from the pressure. Then each mass constitutes an independent oscillator with a frequency of f i = ͑1000/ 2͒ ͱ k i / m i Hz ͑i =1,2,3; the scaling factor is due to the unit g / ms 2 of the stiffness parameter͒. The default parameter setting yields f 1 = 127.3 Hz, f 2 = 90.0 Hz, f 3 = 225.1 Hz. In this case the similarity of the frequencies f 1 and f 2 leads to chest-like low-frequency vibrations. For k 2 = 0.08 g / ms 2 , the frequency of the middle mass becomes f 2 = 284.7 Hz. Now the middle mass has a similar frequency as the upper mass leading to falsetto-like high frequency vibrations. In this way, switching between chest and falsetto could be understood as a frequency selection by the middle mass. Register transitions are generally accompanied by changes of many parameters, such as stiffness, mass, and geometry ͑see, e.g, Story and Titze, 1995͒ . Since detailed changes of these parameters are not well known, only the stiffness parameter k 2 of the middle mass was varied for simplicity. In Sec. V B, a more detailed eigenfrequency analysis is presented to study correspondence between the eigenmodes and the observed registers. Figure 6 displays a one-dimensional bifurcation diagram with transitions between chest and falsetto. Among dynamical variables x 1 , x 2 , x 3 , or U, which yield qualitatively the same bifurcation structure, local maxima of the x 1 component are drawn. The stiffness parameter was varied gradually from k 2 = 0.008 g / ms 2 ͓chest-like phonation shown in Fig.  4͑a͔͒ to k 2 = 0.08 g / ms 2 ͓falsetto as in Fig. 5͑a͔͒ . In order to look for hysteresis, the parameter was varied in both directions which are indicated by the symbols and line styles in the plots. Below k 2 Ͻ 0.01 g / ms 2 , chest-like vibrations were found with a low fundamental frequency of about 130 Hz and large amplitudes. Around k 2 = 0.01 g / ms 2 , the vibrations became chaotic and switched to a stable steady state ͑"aphonia"͒. Increasing the stiffness to values about k 2 = 0.03 g / ms 2 led to subharmonics and subsequently to FIG. 5 . ͑a͒ Falsetto-like vibration observed for the default parameter setting with k 2 = 0.08. Time series show glottal areas a 1 ͑t͒, a 2 ͑t͒, and a 3 ͑t͒ between the three masses. ͑b͒ Corresponding volume flow U.
FIG. 6. ͑a͒ Bifurcation diagram that plots local maxima of the variable x 1
when changing the bifurcation parameter k 2 ͓0.008, 0.08͔. The circles and the crosses correspond to increase and decrease of the bifurcation parameter, respectively. Note that "subharmonics" are indicated around k 2 = 0.04, since another drawing, which plotted maxima of x 2 , showed two branches clearly at this region ͑not shown here͒. The points corresponding to "aphonia" represent a stable equilibrium, where these particular plots are no longer local maxima. ͑b͒ Frequencies corresponding to ͑a͒. The solid and dotted lines correspond to increase and decrease of the bifurcation parameter, respectively.
falsetto-like dynamics with a fundamental frequency of about 300 Hz and small amplitudes. The comparison of solid lines ͑increase of k 2 ͒ and dotted lines ͑decrease of k 2 ͒ in the lower graph reveals that there was only a weak hysteresis at the transitions to aphonia. In summary, the model could produce register transitions with subharmonics, chaos, and aphonia. However, for the chosen parameters no coexistence region of chest and falsetto was found. Consequently, Sec. V C focuses on a modified parameter configuration exhibiting pronounced coexistence of registers as described experimentally ͑Berry et Švec et al., 1999; Horáček et al., 2004͒ .
B. Eigenfrequency analysis
To gain more insight into the chest-like and the falsettolike oscillations observed in Sec. V A, an eigenfrequency analysis was carried out for the three-mass model. Without the pressure or collision terms, linearization of the model Eqs. ͑1͒-͑3͒ gives
.
͑8͒
Oscillatory modes of the linearized equation are obtained by computing the eigenvalues i of the above-presented matrix. The eigenfrequencies are calculated directly from the eigenvalues as F i = 1000͉I͑ i ͉͒ / ͑2͒ Hz, where I gives imaginary part of . First, the default parameter setting will be analyzed that generates chest-like vibrations. The eigenvalues are obtained as 1,2 = −0.09± 0.78, 3,4 = −0.13± 1.28, 5,6 = −0.46± 2.0, which yield the eigenfrequencies of F 1,2 = 123.8 Hz, F 3,4 = 204.3 Hz, F 5,6 = 318.7 Hz. To determine the eigenfrequency which corresponds to the chest-like vibration observed in the simulation, the associated eigenmodes ͑␦x 1 , ␦ẋ 1 , ␦x 2 , ␦ẋ 2 , ␦x 3 , ␦ẋ 3 ͒ can be compared with the real simulation. In Fig. 7͑a͒ , three eigenmodes are drawn by dotted lines. For comparison, the oscillatory mode of the simulation computed by ͑maxx 1 − minx 1 , maxẋ 1 − minẋ 1 , maxx 2 − minx 2 , maxẋ 2 − minẋ 2 , maxx 3 − minx 3 , maxẋ 3 − minẋ 3 ͒ is simultaneously drawn by a solid line. Note that the mode vectors are normalized in such a way that the maximum component becomes unity. A clear correspondence can be seen between the first eigenmode and the simulation with a large amplitude of the lower mass oscillation. The corresponding eigenfrequency of F 1,2 = 123.8 Hz provides a good approximation of the observed chest frequency of 129.9 Hz. Now, the falsetto-like vibration is analyzed with the same default parameter setting except k 2 = 0.08 g / ms 2 . The eigenvalues are obtained as 1,2 = −0.08± 0.88, 1,2 = −0.42± 1.85, 1,2 = −0.18± 2.2, which yield the eigenfrequencies of F 1,2 = 140.3 Hz, F 3,4 = 294.7 Hz, F 5,6 = 352.9 Hz. Figure 7͑b͒ draws the three eigenmodes together with the simulation mode. A good correspondence is found between the third mode and the simulation, whose mode is dominated by the upper two masses. The corresponding eigenfrequency of F 5,6 = 352.9 Hz is slightly larger but comparable to the observed falsetto frequency of 314.5 Hz.
The deviations between the eigenfrequency and the simulation might be due to ͑i͒ linearization of the original equations or ͑ii͒ neglected pressure terms ͑"vacuum condition"͒. To quantify the latter effect, the eigenfrequency analysis including the pressure terms was carried out. The results are summarized in Table I and show that the analysis including the pressure terms is comparable to the vacuum case. Considering its simplicity and efficiency, the eigenfrequency analysis with vacuum condition turned out to be a helpful guide to extract the chest and falsetto modes from the three-mass model.
C. Simulating hysteresis at the register transition
In the preceding sections, the simplified two-mass model ͑Steinecke and Herzel, 1995͒ extended by a small third mass on top was analyzed. Simply by increasing the stiffness k 2 of the middle mass, the model could generate both the chestlike and falsetto-like registers as shown in Fig. 5͑a͒ . For the default parameters there was, however, an aphonic regime separating the two registers ͓"aphonia" in Fig. 6͑a͔͒ . Experimentally abrupt transitions between registers have been observed frequently ͑van den Berg et al., 1960; Berry et al., 1996; Švec et al., 1999; Horáček et al., 2004͒ . Therefore, the parameter setting was changed to obtain parameter region with coexisting registers. It is known ͑Titze, 1988͒ that small prephonatory opening described by small a 0i values and low damping constants r i support oscillations. Consequently, a 01 , a 02 , a 03 , and r 1 were reduced to remove the aphonic regime between the registers. Furthermore the coupling constant k 1,2 was modified and a new tension parameter Q ͓defined by Eqs. ͑A1͒ and ͑A2͒ in the Appendix͔ was introduced in a similar manner as in earlier papers ͑Smith et al., 1992; Steinecke and Herzel, 1995͒ . This new parameter scales the eigenfrequency of the second mass and is therefore an appropriate tuning parameter that governs the transitions from chest to falsetto and vice versa. The modified set of parameters is given in the Appendix. Figure 8͑a͒ shows a one-dimensional bifurcation diagram, which plots local maxima of the x 1 component when the tension parameter is varied between Q ͓0.5, 1.8͔. There is no longer an extended region of aphonia between the registers ͓compared with Fig. 6͑a͔͒ . Sudden jumps between the registers are accompanied here by subharmonics and deterministic chaos. The comparison of increasing versus decreasing tension reveals a large range of coexistence of chest-like and falsetto-like phonation: 1.05Ͻ Q Ͻ 1.55. This can be confirmed as the hysteresis in the spectrograms drawn in Fig.  9 . The spectrogram obtained by increasing the parameter Q is dominated by low-fundamental frequency vibrations in Fig. 9͑a͒ , whereas when decreasing the parameter Q the spectrogram displays an enlarged range of high-fundamental frequency vibrations in Fig. 9͑b͒ . Directions of the switch between the low and high fundamental frequencies are more clearly indicated in Fig. 8͑b͒ .
These bifurcation diagrams illustrate the well-known complexity of coupled nonlinear oscillators ͑Berge et al., 1984; Glass and Mackey, 1988͒. For a more comprehensive FIG. 7 . Eigenfrequency analysis of ͑a͒ default parameter setting and ͑b͒ with an increased value of k 2 = 0.08. Normalized absolute components of three eigenmodes ͉͑␦x 1 ͉, ͉␦ẋ 1 ͉, ͉␦x 2 ͉, ͉␦ẋ 2 ͉, ͉␦x 3 ͉, ͉␦ẋ 3 ͉͒ are plotted by dotted lines, whereas oscillatory mode of the real simulation is indicated by a solid line.
TABLE I. Summary of eigenfrequency analysis with and without the pressure terms. The obtained eigenfrequencies are compared with the simulation results. Analysis with the pressure terms was carried out in the same manner as the one without the pressure terms ͑described in the main text͒, except that the model Eqs. ͑1͒-͑3͒ including the pressure terms were linearized around its equilibrium. The equilibrium was traced numerically by the shooting method. analysis of coupled oscillators, two-dimensional bifurcation diagrams are appropriate and thus Sec. V D is devoted to the study of parameter planes spanned by two parameters such as loudness and fundamental frequency.
D. Two-dimensional bifurcation diagram: Experiments and simulations
As discussed earlier, parameter variations may lead to rather complex bifurcation scenarios. In order to get a better understanding of the various transition phenomena, twodimensional bifurcation diagrams are helpful. For example, voice instabilities due to unilateral laryngeal paralysis have been studied in the parameter plane of left-right frequency ratio and subglottal pressure. Moreover, voice range profiles can be considered as two-dimensional bifurcation diagrams with the fundamental frequency and sound pressure level as the bifurcation parameters ͑Schutte and Seidner, 1983; Pabon and Plomp, 1988͒. Along these lines, the experimental data from Fig. 2 are reanalyzed. In the experiment, the elongation force was varied systematically, while the flow was kept constant. In this way, the force influenced the fundamental frequency and the subglottal pressure in a complicated manner. For the experimental data that exhibits falsetto-chest transition from 88 to 126 s, the fundamental frequency is extracted and plotted against the subglottal pressure and the force. Figure 10͑a͒ shows that the fundamental frequency in the falsetto or chest registers is not strongly affected by the force. In Fig. 10͑b͒ , a monotonic dependence of the force and the subglottal pressure is observed. The register transition leads to an abrupt increase of the subglottal pressure.
In the present model, fundamental frequency and subglottal pressure serve as major control parameters. These parameters are plotted in Fig. 10͑c͒ . The falsetto-chest transition corresponds to a jump from high to low fundamental frequencies accompanied by increase of the subglottal pressure. This observation guided parameter variations in the modeling study. The present three-mass model is not realistic enough to reproduce the precise details of force-induced variations in the experiment but the main features of the excised larynx experiment can be simulated. Figure 11 shows a twodimensional bifurcation diagram of the model. On the left side the chest register dominates, whereas on the right side the falsetto-like vibrations are found. In the range 1 Ͻ Q Ͻ 1.5, coexistence of both registers is observed. Circles and crosses indicate parameter values with chaos and stable steady states ͑"aphonia"͒, respectively. The thick line with the arrow indicates the parameter variation corresponding to the spectrogram and bifurcation diagram in Figs. 12͑a͒ and 12͑b͒. For the first 50 s, decreasing Q and increasing P s induced transitions from aphonia ͑0-12 s͒ to falsetto ͑12-34 s͒, then to chaos ͑around 36 s͒ followed by chest ͑36-50 s͒ with subharmonics ͑39 s͒ and chaos ͑46 s͒. At t = 50 s the parameter variation is reversed and the backward bifurcation scenario is visible. The spectrogram, however, is not symmetric pointing to hysteresis of the transitions. For example, another subharmonic regime is observed around 68 s, the jump to falsetto is significantly delayed and there is finally no jump to aphonia, i.e., the falsetto register persists. The lower graph with the maxima of x 1 during these transitions is consistent with the interpretation of the spectrogram-subharmonics are characterized by multiple maxima and chaos leads to noisy clouds of points.
The simulations reveal that even the proposed simple three-mass model can reproduce many of the complex transitions observed experimentally. Between the chest-like and the falsetto-like registers a wide range of coexistence regime lies, which gives rise to sudden frequency jumps accompanied by hysteresis. Near the frequency jumps, voice instabilities due to subharmonics and deterministic chaos may occur. One of the important findings is that for almost all choices of bifurcation path that makes a bridge between the chest-like and the falsetto-like registers, it is inevitable to experience such frequency jumps and voice instabilities. This agrees with the excised larynx experiment.
VI. SUMMARY AND DISCUSSION
It was the aim of this study to compare register transitions and complex bifurcation scenarios in excised larynx experiments with biomechanical simulations. The main features of the experimentally observed instabilities were large frequency jumps exhibiting hysteresis, aphonic episodes, subharmonics, and chaos near the register transitions. Keeping in mind the large heterogeneity of excised larynx experiments, it was not our intention to reproduce all details of spectrograms as shown in Fig. 2 . For instance, fundamental frequency jumps between chest-like and falsetto-like vibrations are highly variable ͑Švec and Pešák, 1994͒ and thus the original parameters of two-mass models were kept with a relatively low fundamental frequency.
Here a three-mass model was designed that can vibrate per construction in a chest-like and falsetto-like mode. The chest register was essentially identical to oscillation of the original two-mass model ͑Ishizaka and Flanagan, 1972; Steinecke and Herzel, 1995͒ whereas the falsetto register is characterized by large phase-shifted oscillations of the upper two masses. A variation of tension parameters which mimic activities of laryngeal muscles could induce transitions between these registers. For reduced prephonatory areas and damping constants, extended coexistence of chest and falsetto was found, which corresponds to experimental data. FIG. 11 . Two-dimensional bifurcation diagram of ͑Q , P s ͒ ͓0,5,1.8͔ ϫ ͓0 , 0.05͔. The three shaded regions correspond to the existence domain of chest register, falsetto register, and both. The circles indicate the existence of chaos, whereas the crosses indicate the existence of aphonia. The arrowed line indicates the bifurcation path exploited to produce the spectrogram in Fig. 12. FIG. 12. ͑a͒: ͑Color online͒ Spectrogram of the three-mass model simulating a linear change from ͑Q , P s ͒ = ͑1.8, 0.015͒ to ͑0.7,0.04͒ and then back to ͑1.8, 0.015͒. This bifurcation path in the ͑Q , P s ͒ plane is drawn as the arrow in Fig. 11 ; ͑b͒ Corresponding bifurcation diagram. In the transition from "aphonia" to "falsetto," the corresponding circles represent stable equilibria and maxima of the limit cycle, respectively.
Whereas subharmonics and deterministic chaos were found to be related to left-right asymmetry or excessively high pressure in earlier studies ͑Steinecke and Herzel, 1995; Jiang et al., 2001͒ , the present observation required neither of such situations. The results predict specific new instabilities near the chest-falsetto transition that can be tested using appropriate high-speed recordings ͑Wittenberg et al., Eysholdt et al., 1996͒ or video-kymography ͑Švec and Schutte, 1996͒ . Since this study was based upon a minimal model that focused on very basic mechanisms of the vocal folds, the phenomena found here can be expected to be quite common in many other vocal fold models, which can be physiologically more realistic. Dynamic behavior of any vibrating system can be characterized by extracting the specific eigenmodes that govern the resulting frequency and pattern of vibration ͑e.g, Titze and Strong, 1975; Berry et al., 1994͒ . As shown here, the mechanism of abrupt chest-falsetto register transitions could generally be understood as a spontaneous shift in dominance between different eigenmodes of the vocal folds. While the specific eigenmodes differ among various models, the underlying dynamic mechanism of the abrupt changes of vibration can be expected to be similar.
In some experiments using other human larynges, no clear falsetto-like vibration but the coexistence of two chestlike vibrations associated with similar frequencies was seen. In such experiments, voice instabilities seem to be induced essentially by left-right asymmetry. A future study will focus on modeling such examples using an asymmetric version of the present model.
The observed complexity of the signals produced by the simple three-mass model is not really surprising since the model can be regarded as a system of coupled oscillators representing a low-frequency chest mode and a highfrequency falsetto mode. It is known that coupled nonlinear oscillators generically exhibit synchronization ͑"Arnold tongues"͒, incommensurable frequencies ͑"tori," termed biphonation in voice research͒, frequency jumps, subharmonics, and chaos ͑Huygens, 1673; Berge et al., 1984; Glass and Mackey, 1988͒ . These features have been described extensively for the asymmetric two-mass model ͑Steinecke and Herzel, 1995͒. It is appropriate to analyze coupled oscillators with the aid of two-dimensional bifurcation diagrams. In this way many instabilities can be traced back to transitions between different synchronization regimes. Interestingly, twodimensional presentations of parameter variations have already some tradition in voice science. For instance, in Titze ͑2000͒, register transitions were discussed in the plane of CT and TA muscle activities. Another example is the widely used voice range profile. Here the oscillatory regions are explored in the plane of fundamental frequency and sound pressure level. If such an analysis includes registers and voice instabilities the similarity to two-dimensional bifurcation diagrams as in Figs. 10 and 11 is evident. Along these lines, a comparison of voice instabilities and biomechanical modeling seems possible also for patients with voice disorders.
In future studies it is planned to take into account more detailed physiological properties of the vocal folds. As demonstrated by Story and Titze ͑1995͒, the body-cover theory ͑Hirano, 1974͒ can be related to simplified models. Rules can be developed to associate muscle activity with the parameter configurations ͑Titze and Story, 2002͒. Towards such more realistic models, the body-cover structure with physiological parameters will be introduced to the model in a forthcoming study. Moreover, the role of sub-and supraglottal resonances should be studied in detail ͑Titze, 2000; Zhang et al., 2006͒ . The two-dimensional bifurcation diagrams of the present core model provide a starting point of more detailed studies. By changing the stiffness of the second mass to k 2 = 0.08 g / ms 2 , the falsetto-like oscillation shown in Fig. 5͑a͒ could be simulated.
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To study hysteresis of the chest-falsetto registers, the following parameters were modified compared to the default setting: r 1 = 0.01 g / ms; k 1,2 = 0.05 g / ms 2 ; a 01 = 0.01 cm 2 ; a 02 = 0.01 cm 2 ; a 03 = 0.01 cm 2 . To observe transitions between the chest and the falsetto registers, the tension parameter Q was introduced to scale the eigenfrequency of the second mass as The initial values for all simulations were set as x 1 = x 2 = x 3 = 0.1 and ẋ 1 = ẋ 2 = ẋ 3 = 0. To integrate the three-mass model Eqs. ͑1͒-͑3͒, the fourth-order Runge-Kutta method was applied with an integration step of ⌬t =1/20 ms. A smaller integration step was tried and it was confirmed that essentially the same results can be obtained.
To draw bifurcation diagrams, 20 local maxima of the first component x 1 ͑t͒ were plotted after discarding the first 100 maxima as transients. For the next parameter values, the final state of the preceding simulation was used as the initial condition. To obtain the two-dimensional bifurcation diagram, the parameters were varied in four different directions, namely, fixed Q with increasing or decreasing P s or fixed P s with increasing or decreasing Q .
In Figs. 6͑a͒, 8͑a͒ , and 12͑b͒, the labels "chaos," "chest," "subharmonics," and "falsetto" were put according to the following rule. Local maxima of the x 1 component were defined as the Poincaré section, which transforms continuoustime dynamics to discrete-time mapping. With respect to the period number of the discrete mapping, dynamics were classified, e.g., period-1: chest or falsetto, more than 1 period: subharmonics, nonperiod: biphonation or chaos. If the frequency was less ͑more͒ than 200 Hz, the period-1 corresponded to chest ͑falsetto͒. Biphonation and chaos were classified by looking at the spectrogram.
The spectrograms were computed using the x 2 component with the following parameters. Sampling rate: 4 kHz; Window length: 2048 sample points; Overlap: 0; Windowing: Hanning. Note that other components such as x 1,3 , ẋ 1,2,3 , or glottal flow velocity U give essentially the same spectrogram.
